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ABSTRACT 

We find renormalization group transformations for the compactified Randall- 
Sundrum scenario by integrating out an infinitesimal slice of ultraviolet degrees 
of freedom near the Planck brane. Under these transformations the coefficients of 
operators on the Planck brane experience RG evolution. The extra-dimensional 
radius also scales, flowing to zero in the IR. We find an attractive fixed point 
in the context of a bulk scalar field theory. Calculations are simplified in the 
low energy effective theory as we demonstrate with the computation of a loop 
diagram. 
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1 Introduction 



Effective field theories in anti-de Sitter space have received much attention with their 
application to the weak/Planck hierarchy problem in the compactified Randall- Sundrum 
scenario (RSI) [I]. However, because of the warped geometry, loop calculations are chal- 
lenging in this picture. It is difficult even to power count the size of diagrams because of 
the wide range of scales appearing in loops. In contexts where these effects are important 
such as the stability of the hierarchy and gauge unification [2] one is forced to confront these 
difficulties. 

In Ref. |3j holographic RG ideas |4|5j were developed to obtain a low energy effective field 
theory description of RSI with a smaller extra-dimensional radius. Further developments are 
found in |6|7j . By integrating out short distance classical degrees of freedom couplings were 
found to experience RG evolution with the size of the extra-dimension. The large warp factor 
appears in ways predicted by the running of couplings near a fixed point as they flow with 
the size of the extra dimension simplifying power counting. In this paper, we develop this 
approach further integrating out short distance classical and quantum degrees of freedom to 
find renormalization group transformations. This has the features of a Wilsonian integration 
as applied to the RSI scenario. 

We will consider an orbifold even scalar field in the 5D warped two brane geometry of 
RSI. The metric is 

ds 2 = -L-^dx^dx" - dz 2 ) (1) 
[kz) 1 

where z parameterizes the extra-dimensional space and 1/k is the radius of curvature. The 
space is bounded by a UV (Planck) brane at z = zjjv = 1/k = lfO(Mpi) and an IR (TeV) 
brane at z = zjr = l/C(TeV). We will work in a mixed z-position/x-momentum space basis 
for the scalar and implement a physical hard 4-momentum cutoff. 

Because of the warping, the shortest distance degrees of freedom are located in the region 
near the UV brane. To implement the RG we will integrate out a sliver of these short distance 
modes. The result of the integration is to modify the couplings of operators on the UV brane. 
We will make this transformation continuous, finding (3 functions for UV brane couplings. 
Upon RG evolution to the IR the interbrane distance flows to zero. Correlation functions 
of the scalar field in the low scale effective theory match to correlation functions evaluated 
in the high scale theory in the region of overlap of the two theories. Renormalization group 
flows in AdS space were also studied in |S| and by dimensional deconstruction [§] in [TUj . 
Although we do not employ the AdS/CFT correspondence JT] certain features of the CFT 
dual of RS [12] are exhibited. 

The developments of this paper allow for the calculation of loop diagrams in RSI in a low 
energy effective theory with a smaller extra-dimensional radius. In particular, in sufficiently 
low energy theories where this radius is effectively zero there is no warping and diagrams 
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are straightforward to calculate. At such low energies the propagator simplifies and the 
cutoff does not vary significantly. Because of the presence of an attractive fixed point, RG 
evolution is easy for perturbations near this fixed point. In this paper, we give an example 
of a loop calculation in the low energy effective field theory where we make use of these 
simplifications. 

The paper is organized as follows. In Section 2 we outline the RG as applied to scalar 
field theory in the RSI background. In Section 3 we derive j3 functions for couplings of 
operators on the UV brane. The fixed point behavior is discussed in Section 4. In Section 5 
we present an example calculation of a loop in the low energy effective theory. We discuss 
and summarize our results in Section 6. 



2 Overview of the RG in RSI 

In this section we will outline the procedure to find RG flows for fields in a fixed RSI 
background. 

We consider theories with actions of the form 

S = Sbuik + Suv + Sir, (2) 



where 



Sbulk[Xi( x , z )} 

Suvbbfa z uv)] 



bulk I ' 



fd'x f Zm dzVG fecL*Oj 
J d'x dzj-g (^2 ChvOhv) S(z - zuv), 



Sm[x*(x,z IR )} = J 'd A x J^yz^(^C l IR Oi R y(z-z IR ). (3) 



where G MN is the AdS bulk metric defined in ([!} and g^ u {x) = G^ u (x,z). The local oper- 
ators 0\jy and Oj R contain products of the scalar fields, Xi{ x i z )t an d their x M derivatives 
contracted with g^ v . The bulk operators Obuik are local operators of x% an d derivatives with 
respect to &m contracted with G AIN . Here and throughout this paper we work in units of 
the curvature k setting k — 1. 

To understand the Wilsonian RG (for a review see Ref. ^1) as applied here imagine 
first a 5D lattice version of this theory. The warped geometry dictates that the lattice 
spacing is most dense in both x and z directions in the region near the UV brane becoming 
exponentially less dense as we move towards the IR brane. In the real space Wilsonian 
picture we wish to integrate out a subset of the sites to arrive at a self-similar action with 
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larger lattice spacing. In RSI the sites spaced by the fundamental lattice spacing are found 
only in the UV brane region. If we thin the lattice by integrating out a subset of these sites 
the result is to move the UV boundary towards the IR and modify the lattice couplings at 
sites at the UV boundary. There will be no modification of couplings at sites away from this 
boundary. 

We will not employ a real space picture but the features of this RG will be present. We 
will work in the continuum in a mixed 4-momentum p, z-position space basis. This will 
allow us to find smooth RG transformations. We write the fields Xi{ x i z ) m 4-momentum 
components, Xi(P-> z ) an d integrate out a sliver of the modes with highest 4-momentum and 
a sliver of the z-position modes local to the UV brane. 

We will employ a physical 4-momentum cutoff. In our coordinate system the scale sym- 
metry of AdS takes the form x M — > Ax M , (p^ — > p M /A) and z — > Xz. To resepct this symmetry 
it is necessary that the cutoff depend on position as A/z. The cutoff is maximal at the 
location of the UV brane where it is A/zuv- (Though z\jy=\ in our k = 1 units we will keep 
factors explicit where needed for clarity). 

We first integrate out those highest momentum modes in a sliver near the maximal cutoff 
(1 — e)A/zuv < \p\ < A/z(/v with e a small positive parameter. These modes are in the 
z-space region zuv < z < zuy(l + e). If the momentum sliver is small enough (e is sufficiently 
close to 0) we can write the result of this integration as a modification to the coefficients of 
operators on the UV brane. To first order in e we may write this transformation as 

Suv ^S' uv = J d A x jT* dzy/g (j2(C uv + AC^JO^ 8(z - z uv ). (4) 

After the integration the cutoff is a flat (1 — e)A/z uv in the region z uv < z < zuv(^ + e )- 

Consistent with the scale symmetry of the space and self-similarity of the effective theory 
we must integrate out modes of z space position in the region zuv < z < zuv{l + e )- Upon 
performing the integration the theory will have a new boundary of space at z = z\jy{\ + e) 
with an effective UV brane action at this boundary. The UV brane will now have the form 

S uv = J d'x J*" dz^g (j2(C uv + AC* mom + ACl_ pos )O uv ) 5(z - z uv (l + e)), (5) 



To complete the RG transformation we rescale coordinates x — > (1 — e)x, (p — > p(l + e)) 
and z — > (1 — e)z. This will bring our integrated theory into a from self-similar to 0- Both 
bulk and brane operators are invariant under this rescaling because of the scale symmetry 
of AdS. They transform as O —>■ O. The effective theory then takes the form 
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Suv[Xi(x, zuv)] = j d 4 x £ ' R dz^/g ^ C' uv O uv ^j S(z - z uv ), 

S? R f \xi(x,z IR )] = Jd'xj"yz^g(^Cj R 0\^5{z-z' IR ). (6) 

Here the momentum cutoff is A/z and the UV brane boundary is restored to zjjy. The 
primed parameters are 

bulk — ^ bulky 

Cjjv = C uv + lAC % mom + AC*„ pos , 

fi'i rti 

°7i? — u IRi 

z' IR = zir - ezi R . (7) 

We see that both the bulk and IR brane coefficients do not transform because of the scale 
invariance of the theory. The UV brane coefficients flow in a way determined by the physics 
integrated out near the UV brane. The scaling behaviour depends significantly on the form 
these corrections take. The inverse of the IR brane position, l/zj R , flows as a relevant mass 
parameter. Because of this the effect of successive iterations of this integration procedure is 
to decrease the interbrane distance. We will examine the continuous form of this RG in the 
next section by taking e — > 0. 



3 RG Flows in Detail 

In this section we obtain (3 functions for UV brane coefficients focusing on a single orbifold 
even scalar, x, in an RSI background. We work with an action having the form 

S = S bu i k + 2^ uv 2^ IR ^ ^ 



where 



S bulk [ X (x, z)} = j d A x ( ZIR dzVG (\G MN dMXdNX - V bu ik(x) 



Suv[x(x,z uv )\ = I d i x y /g u ^L uv (x(x,z uv ),d lx ,g u I v ), 



Sir[x(x,z ir )} = J d A x,/gJ R ~L IR (x(x, z IR ),d u , g^ R ). (9) 

where gi Ri uv( x ) = G^ v {x,z = zi Rt uv)- Luv and Lj R are local functions of x an d its x^ 
derivatives. We implement a position dependent physical 4-momentum cutoff A/z. 
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We will integrate out an infinitesimal sliver of scalar modes in the region zyy < z < 
zyy{\ + e). We perform a path integral over these modes in two steps. We first integrate 
out components of the field with 4-momentum, p, in the range A/zuv(l + e) < \p\ < A/zuv 
then integrate out the remaining components with z values zjjv < z < zjjv(1 + e)- 

To integrate out the high momentum modes we write the field in components 

X(x,z) =x<(x,z) +x>(x,z), (10) 

where x< contains momentum modes \p\ < A/zuy{\ + e) and x> contains modes with 
momentum A/zuy(l + e) < \p\ < A/zjjy. Because these modes are confined to an epsilonic 
region near the effective UV brane, to 0(e) we can neglect the contribution to the bulk 
action and write 

s[x] = s IR [ x <] + s bulk [ x< ] + s uv [ x< + x>\- (ii) 

We let 

e i{s IR {x<]+s bulk [x<}+s' uv [x<]) _ I [dx>]e iS ^ x \ (12) 
and perform the path integral. 

We may integrate out x> m perturbation theory recognizing that 

d 4 p 



(X>(x,z uv )x>(x',z uv )) = J ^(-i)A p (z uv ,z uv )Q(p)e ip < x ~ x '\ (13) 
where 

©(P) = ( n A /^ (1 + e)<N<A/ ^ y (14) 
[0 otherwise 

and Ap(z,z') is the bulk mixed momentum/position space propagator. 
Consider as an illustration a portion of the UV brane action 

S uv [x(x, z uv )\ = - J d 4 x^/g^ Qa 2 x 2 + A 4 X 4 + •••)■ (15) 

Decomposing the x modes this becomes 
t / 1 1 

Suv [X<+X>] = -J d A x^j [^W< + 2 A 2X> + A 4 (xi + ±X<X% + §x\xi + ^x\x> + xi) + ■ ■ 

(16) 

Now we expand in the terms containing x> and evaluate the path integral over these modes. 
The x>X< piece for instance gives a first order contribution 

-?6A 4 J d A x^/gx<(x,z uv ) 2 (x>(x,z uv )x>(x,z uv )) 

d A x^/gx<(x, z uv y J j^-^{-i)\{z uv , z uv )Q(p) 

= ~ ie y~^{J^) A ^/zuv( z uv,z uv ) J d 4 x^/gx<(x,z uv ) 2 . (17) 



This is a correction to the coefficient A 2 . 



24A 4 A 4 



A 2 — > A 2 + € ^^A )i A/ Zcfy (zj7v, ^c/v)- (18) 
l 47r J %y 

In general, the result of integrating out the modes x> is to generate 0(e) corrections to 
all the coefficients on the UV brane. We write these correction as a local 4D brane action 
Suv- The result of the integration is to make the transformation 

Suv\x(x, zuv)] -> S' uv \x(x, z uv )\ = S uv [x(x, z uv )\ + eSuv[x(x, z uv )\. (19) 

Because this is a Wilsonian integration all corrections appear at 1-loop order only. 

Now, we integrate the remaining modes in the z space sliver, x(x, zuv < z < z uv (l + e)). 
To do this we discretize the space near the effective UV brane and perform the path integral 
over the 4D slice at z — z uv . We write for the measure 

J [d X (x, z)\ -> J [dx(x, z > z uv )] [dx(x, z uv )\ (20) 
and separate the action as 

S = Si\x(x,z > z uv )] + S 2 [x(x,z uv ),x(x,z uv (l + e))]. (21) 
where ezuv is the unit of discretization. 

6 f M ( z uv (x(zuv(l + e) - X(zuv)) 2 



S 2 [x(x,z uv ),x(x,zuv(l + e)] = -j— / d x[ - 2 — = V{x{z uv )) 



z V v J \ ^ %v c 



+^-rrd lt x(z uv )d vX (zuv) 



^7TT- I d 4 xL uv [x(z uv )] + ^-S uv [x(z uv )](22) 



We let 

S uv [x(x, zuvil + e))] = -i In (| [d X (x, Z w)]e^**uv),x{x,*uv<l+*))]j ? (23 ) 

so that the result of the integration will be an action of the form 

S = S 1 \ X (x,z> Zuv )] + S uv \x(x,zuv(l + e))]. (24) 
We will now do the path integral over x(x, zuv) f° r infinitesimal e. 
We make a change of variables, 

X(x, zuv) = x(x, zuv(± + e)) - ex(x), (25) 
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and expand in powers of e. We find the classical solution Xc{x) (i n terms of x( x i a + ea )) 
and expand in fluctuations around this value substituting x — Xc + v/ V^- Here 



Xc{x) = -- / d 4 y 



8L uv \x{y)] 



Sx(x) 



0(e). 



(26) 



X(x)=x{x,z uv +ez uv ) 



We expand the quantum fluctuations as 77/ \/e to obtain a normalized quadratic term for this 
field. This expansion does not create an expansion in inverse powers of e as each field x is 
accompanied by at least one power of e. Making this substitution we have 



1 Qll 



UV 



If 1 

- / d x^-L uv [x{z vv {l + e))] 
^ J z uv 



d 4 x— ( V(x(z uv (l + e))) - -|V^X( Wl + e))0„x(ztfv(l + e)) 



-UV 



1 6L uv [ x (y)} 



-uv 



5x(x) 



X=x{zuv{1+t)) 



d 4 y\ +-S uv [ X (z uv (l + e))] 



+-ln| J[dr]]exp^-^ J d 4 xd 4 yd 4 wr](y)r](w] 

\ + 0(e 2 ). 



1 5 2 L uv [ X (x)] 



zfjv $xWx{w) 



X=x(z(7v(l+e)) 



j4 ^ 



(27) 



Now we perform the quadratic path integral remaining in (J27|) . Using ln(det O) = tr In O 
it evaluates to 



^trln M - d 4 yd 4 w 



5 2 L uv [ X [(x)] 



$x(y)$x(w) 



5 4 {x — x). 



(2? 



Keeping only first order in e and converting the trace to an integral we have 



J d 4 xd 4 yd 4 w 



8 2 L uv [x(x)} 



AiVT 

Where we may take the four volume 

1 



Sx(y)Sx(w) 



X=X( Z UV+£ZUV) 



d 4 p 



1A 4 



VT J (2tt) 4 2(An) 2 z 4 v --' 



(29) 



(30) 



-uv 



regulating with the cutoff A/zuv- 

We can now write the effective UV brane as 



\ Sl{jV ~ \ SUV + 



d x 



'SS-, 



uv 



5x(x) 
7 



e / d * X 5g£(x) 9 " v{x) 



+tJ^ I ^V V f^T, \ + ~Svv. (31) 



K4tt) 2 7 5 X (y)5x(x) 2 

where all fields on the left hand side are evaluated at x{ x -> z uvi)- + e))- 

Now we rescale the coordinates x — > x/(l + e), z — > z/(l + e). Under this transformation 
z\jy{\ + e) — » and — >■ Zi R /(l + e) but because of the scale symmetry there is no 
additional scaling. The effective action now has the form. 

SfflMx, *)\ = J d 4 x £" (1 ~ e) dzy/G (±G MN d MX d N x - W*)) , 
Suv[x(x,z uv )] = J d i x^/g^L e l jl(xi.x,z uv ),d^g l lj U v ) } 
Sir[x(x,z ir (1 - e))] = j d A x^/g^ i L IR (x(x,z IR (l - e)),d^g'^). (32) 

where gf R {x) = G^(x,z IR (l - e)). 

We can make this transformation continuous by introducing a mass scale // such that 
e = A/i/ fi. Taking the limit A/i — > the UV brane obeys 

1 dSrn/ 1 r .a ( 6Srf\/ \ . f ,A SSi ^ ' 



+ J d 4 x^/g^ (v(x) - ~guv d nXdvX 



A 4 r X2qeff 1 

f rfV 4 z r 7 , - -Suv- (33) 



8(4vr) 2 7 <5 X (y)<;x(x) 2 

The derivative on the left-hand side acts only on the coefficients of operators in S^Jy . We 
find flow equations for coefficients by equating coefficients of equivalent operators on both 
sides of the equality. 

The IR brane position flows according to 

d ~ 

H~rZ IR = z IR , (34) 
a/i 

where we define zi R {\i = l/z uv ) = z IR . As we take /i — ► l/z IR , l/z IR grows and the 
proper distance between branes ~ z uv \n(z uv / zi R ) flows to zero. Note that the running of 
the radius is a generic feature of the RG in compact dimensions but logarithmic scaling is 
particular to the warped space picture. 

Equation ()33|) is the central result of this work. It demonstrates that the RG transforma- 
tions describe flows between local theories. The change in the UV brane action given by the 



8 



right hand side is composed of the action Suv which is taken to be local, a local contribution 
from the bulk action and the piece Suv which must be local as it results from integrating 
out high momentum modes. The A 4 term in f)33|) indicates an expected sensitivity to the 
physical cutoff in the flows of UV brane coefficients. In general, there will also be cutoff 
sensitivity in the term Suv- 



4 Fixed Point Behavior 

In this section we discuss the fixed point behavior as obtained from equation (|52|) . The 
flow equations for UV brane coefficients C; have the form 



An. 

^ = tf{Ci) + /T fc + /TO, l/zm(p))- (35) 



Here, (3 d is the classical contribution derived from the first line in (JH2)) and the quadratic 
operators in the second line (the mass and kinetic terms). (3 bulk is the contribution derived 
from operators of higher than quadratic order in the potential in the second line. This piece 
does not depend on Cj but only on bulk coefficients. (3 qu is the piece derived from the third 
line of (|52[) . It contains all the loop level contributions and any tree level contributions from 
Suv- If depends on the IR brane position, Sir but not on bulk coefficients other than the 
bulk mass. 

First consider the flows of UV brane coefficients in the absence of bulk interactions and 
the corrections in (3 qu . 

/-^ = f3f{Ci). (36) 

One can find a fixed point, denoted Cf*, satisfying (3f{Cf*) = 0. It corresponds to a 
noninteracting UV brane configuration. 

s uv [x{x, zuv)} = - J d A x^fgu~v~-x{x, zw)K{ u )x{ x ^ z uv), (37) 

where 



Af (□) = (4 - 2u) + 2^5 J 7! ( ^3 ) , v = VITri I , (3* 



and we expand in □ = guyd^d^. 

Small deviations from the fixed point obey 



p —{Cf-C, 



dfx" 1 11 dC 



{Cf - Cf*) = -ff(Cf - Cf*). (39) 



c,=c c 
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One can check that 7?- is an upper triangular matrix with eigenvalues all positive indicating 
that Cf * is an attractive fixed point. For a detailed examination of the classical fixed point 
behavior we refer the reader to the discussion in [3| in which the scale fj, is identified with 
the position of the effective UV brane. 

Now we add the effect of (3 qu corrections to scaling. We first discuss evolution in the 
RS2 14 limit {l/z IR — > 0). The flow equations are 

An. 

fi?£ = tfiCj) + PTiC^O) (40) 

Because /3f u is proportional to those coefficients Cj which are zero at the classical fixed point 
it is clear that /3f"(C|'*) = 0. The fixed point (|58j) is a fixed point of the quantum theory. 
The anomalous dimension matrix is 



7ij lij + 



d(3t 



" dC 3 



(41) 

Gt=Cf* 



This matrix is upper triangular implying that the eigenvalues of 7^ are equal to the eigen- 
values of 7fj. Therefore, the fixed point in the presence of loops remains attractive. 

Allowing for bulk interactions the flow equations become 

ah. 

^ = ff(C s ) + + PTiCj, 0). (42) 

We introduce a formal small parameter a so that (3\ ulk ~ a. Solving for a fixed point 
C* = Cf* + 5C* to order a we have 

-fijSC* + $ ulk = 0. (43) 

This indicates an 0{a) shift in the fixed point. There will also be a shift of the scaling di- 
mensions of 0(a). Significantly, for a sufficiently small the fixed point will remain attractive 
in the presence of bulk interactions. 

To consider RSI we turn on 1/zjr ~ TeV. This introduces a relevant parameter in the 
theory appearing in (3 qu . With the scale \x high above the TeV scale the effect on the running 
is negligible. We flow towards the fixed point if we are sufficiently close. At lower scales, 
fi ~ 1/zir, Zm becomes a significant threshold effect. 

At the fixed point, derivatives are dimensionally suppressed not by the cutoff A but by 
the curvature k. Our effective theory description will break down at this scale where the UV 
brane action becomes nonlocal. Therefore, we cannot consider the regime A 3> k in our RG 
approach. It is in the regime A > k that we are sensitive to the 5D dynamical structure. 
Numerical factors in (|38p suggest that the near fixed point effective theory breaks down at 
A ~ 6k allowing us to sample a portion of the extra-dimensional dynamics. 
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5 A Loop Diagram Example 



Here, we present a calculation of the one-loop correction to the two point function in a 
theory with a bulk \ A interaction. We compute at the scales \i = l/z uv , l/z uv ^> fi ^> l/z IR 
and n ~ 1/ z IR . 

5.1 EFT Calculation with /i = l/z uv 

We consider the following scalar theory in an RSI background at the scale fi = l/zuv- 

S b uik[x(x, z)\ = J d^xdzVG {^G MN d M xdNX ~ t^V - 9X A 
S uv [x(x,z uv )} = -J d 4 x^/%-X 2 (fi ~ l/z uv )x 2 , 

S IR [x(x,z IR )} = 0. (44) 

where we take m, g < 1 and X 2 {^ ~ l/zuv) ~ 1- 
The propagator with 4-momentum q is 

A,(z, z') = z 2 z' 2 (A>(z, z')#(z - z 7 ) + A<(z, z')#(z' - 2)) , (45) 
where A>(z, z') = A<(z',z) and 

A>(z,z') = CA(qz',qz uv )B(qz,qz IR ), (46) 
A(gz', gzt/y) = (N u (qz uv ) - -^-N v {qz vv ))J v (qz') - (J v (qz uv ) - -^-J v (qz uv ))N v (qz'), 
B(qz,qz IR ) = N v {qz IR )J v (qz) - J v {qz IR )N v {qz), 

C~ = -(N v (qz uv ) - —N v (qz uv ))J v (qz IR ) - {J v {qz uv ) - —Jy{qz uv ))N v (qz IR ), 

TV 2 L 

with 

J u (qz) = (1 - ^(gz) + f J„- a (gz). (47) 

and similarly for iV^. A calculation of this scalar propagator is similar to that found in |15pifij . 

The one loop contribution to the two-point function with external points evaluated at 
z = z m is 

r z uv 1 r d^p 

(x{q, zm)x(-q, zir)) = -iA q (z IR , z IR ) + 12 g / dz—A q (z IR , zf / — — A p (z, z). (48) 



(2tt)< 

We will set external momentum q = and cutoff the momentum integral at the scale A/z. 
It is natural to take A ~ O(Mpi). However, because our purpose is only to illustrate the 
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effective theory we will greatly simplify the calculation by taking the limit A <C 1/zm. In 
this limit the propagator has the simple momentum independant form. 

>v ' ; 2u \z J 2u2 + v \z 2 IR J V ; 

With this simplification we can perform an analytical evaluation of the graph to obtain 



(xte *»)x(-«, *«)> » J^f + 2(4^(2 + ,>V l 1 + yj- < 5 °» 

where we neglect positive powers of the negligible quantity zuv/ z m- Though this result is 
highly dependent on the regularization scheme and very sensitive to ultraviolet physics we 
will use a consistent regulator in the low scale effective theory calculations to follow. 

5.2 EFT Calculation with l/z uv > /i > l/z IR 

Next, we compute the O(g) correction to the two point function at the scale \x such that 
l/zuv 3> /i ^ 1/zir- At this scale the action has the form 

stllMx, z)} = J d'x dzVG {^G MN d MX d NX - imY - gx) , 

Suv[x(x,z uv )} = - J d*xy/g^ (^\ 2 {fi)x 2 + Ki^X* + ■ ■ ^) , 

S&\x(x,z IR Qt))] = 0. (51) 

Here . . . indicates the presence of operators with higher derivatives and higher powers of the 
field x- 

We need to evolve the quadratic and quartic UV brane coefficients from the scale /io = 
1/zjjv to \i according to the flow equations given in These are 

*X 2 = hi - 4A 2 - 2n? -^-^ ( W«™ (52) 
d/i 2 (4tt) 2 (4tt) 2 \ zfj V ) 

fi-rX^ = -4A 4 + 2A 2 A 4 - 2g, (53) 
d\i 

where we have not included corrections that will be unimportant to first order in g. 

In the limit A <C 1/zir the propagator appearing in (jB^j) simplifies. The flow equation 
becomes 

d, l l2 „ n 2 6A 4 x 24A 4 , // 1 \ 2u \ 
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In our jj, ^> 1/zjr limit we may ignore the small (1/ fizj R ) 2u ) correction. 
We can find the fixed point of these flows. To order g it is 

AJ = 2(2 + ,) + ^ = 2(2 + ,) + 2 ff<^ ) 1) («) 

* = rfe" < 56 > 

This is an attractive fixed point. Given our initial UV brane configuration at /i = 1/ 'zjjv we 
will flow to this fixed point if g is sufficiently small and A2(/i = 1/zuv) is sufficiently close to 
2(2 + i/). We will assume that we are in this attractive regime. Deviations from these fixed 
point values at 1/zuv ^ H will be suppressed by positive powers of fiZuv ~ 0(fi/Mpi). We 
will ignore these deviations in the evaluation of the 2-point function. 

We can now calculate the 0(g) 2-point function in this effective theory. For the propaga- 
tor we use that of equation but with A 2 — > 2(2 + v) and Zm — > z IR /i. We will treat O(g) 
contributions to the quadratic brane coefficients perturbatively. The two point function is 
now 

\(x{-,ziRf^)x{--,z IR fi)) = -i^-A f (z IR fi,z IR fi) 

+12— / dz—A q/ ^z IR fi,z) 2 / — — A p (z,z) 

/I Jz IR ti Z J {^TT) 

1 / iSXn . , x2 

r z uv \ z 

+6XlA q/fl (z IR n,z uv ) 2 J -^^A p (z UV) z uv )^. (57) 

The overall factor of /i -4 is required to match the 2-point correlator in 4-momentum space. 

We solve for zero external momentum. The leading contribution from the UV brane 
interactions cancels with a piece from the bulk loop integral and we find 

-M q -,z IR ») X {- q -,z IR ri) « ^ + ^ - (l + ^) . (58) 
/x 4 fj, \i 2 + v 2(47r)^(2 + v) A v l \ 2/ 

This matches the result of equation (fH0|. 



5.3 EFT Calculation with // ~ l/z IR 

Now we compute the first order correction to the two point function in the low energy 
effective theory at /i ~ l/zi R . At this scale the IR brane position z IR (fi = l/z IR ) = 
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zjjv so that the bulk contribution to the action is negligible. The effective theory is then 
approximately four dimensional. It has the form 

S°ff » S e $[ X (x, z uv )} = - J d 4 x^ ^A 2 (/i ~ l/z IR ) X 2 + A 4 (/i ~ l/zm)x A + •••)• 

(59) 

We must evolve A 2 and A 4 from /i = l/z uv to // = 1/zm with the flow equations ()52|) 
and (|53p. In the last subsection we ignored corrections of order (l/fAZm). Here we must 
include them. Writing A 2 = X 2 + 5A 2 , with A2 given by (jB3j) the flow equation for 6X2 is 

^ 5X 2 = 2u5X 2 + 4 . 60 

a/i (An ) z 2u 2 + z/ \fiZiRj 

At the scale /i ~ 1/zj\r find 

5A 2 (/i ~ l/z IR ) = + 0((^)*'). (61) 

2(47r)V / (2 + i/J 

We will ignore the 0{[iZuv) deviations. The effective theory coefficients at \i ~ l/^/i? are 
then 

A 2 (^l/^) = 2(2 + »/) + ^ + JA a (/0 = 2(2 + »/) + 2(4?r) /; 2(2 ^ ^ + „) (62) 
A 4 (//~l/^) = K = jf^- (63) 

We now calculate the two point function to O(g) in this effective theory. It is 

-^(x(-,ZiRf J >)x(--,ZmV)) = -i^7^ g /^z IR fi,z IR fi) 
/1 4 fi \i /z 4 



+ ,,4^4 ^q/^ZlRH, Z UV ) 

+6X 4 (n)A q (z IR fi,z uv ) 2 J j^-^A p (z uv ,z uv )J. (64) 

where A g is the 0(g°) propagator. The momentum integral is cutoff at the scale A/zuv- 

In our approximation A <C l/zj R the propagator is simply A « zj R /(2 + z/). Evaluating 
the momentum integral the expression becomes 

_L (x( i , ^ „ _nk + 2(4 w; )%2 (i + |). (65, 

Again we see that this matches with equation (foTIj) . 
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We stress that though we have worked in the limit Ac 1/ zjr to simplify the comparison 
to the full theory result it was not conceptually necessary to make this approximation. In 
fact, there is no major obstacle to working in the region A ~ 1/zuv = k in the low energy 
EFT with \i ~ 1/zir. 



6 Discussion 



We have derived the (3 functions for couplings of operators of a scalar field in the com- 
pactified RS background. We see that bulk and IR brane couplings do not suffer RG trans- 
formations while UV brane couplings flow according to 

dC 

where the /3j can be read from equation (J33|) . The IR brane position transforms as 

A*— 3 — = z m . (67) 

scaling the radius of the extra dimension to zero in the IR. There is an attractive fixed point 
in this theory corresponding to the RS2 limit, Zjr — > oo. 

The RG evolution that we have found stands alone on the gravity side and does not make 
use of a duality relationship. However, properties of the dual theory are evident. There is a 
fixed point and a relevant mass parameter identifying the IR brane with a breaking of scale 
symmetry. The scaling behavior of UV brane couplings away from the fixed point can be 
identified with the scaling of coefficients of operators in the CFT dual that explicitly break 
the conformal symmetry. The quantum corrections to the flow equations we have found 
correspond to corrections to the large N CFT side flows. 

Next, we note that it is a useful calculational tool to work in the low energy effective field 
theory. In any bulk RS loop diagram we must perform integrals over internal momentum 
and integrals over extra-dimensional coordinates. This involves challenging integration of 
Bessel's functions over a wide range of scales. Momentum flowing along internal propagator 
lines connecting two bulk vertices is cut off at a range of scales that is difficult to implement 
in cutoff regularization. In our EFT approach, high momentum modes are integrated out in 
slices of z space where it is clear how to implement the cutoff. 

Power counting is straightforward in the low energy EFT. At sufficiently low scales the 
RS effective theory can be described as an approximately flat effectively TeV sized extra 
dimensional theory or (at lower scales) a four dimensional theory. Here, operators of higher 
dimension are suppressed naturally by the warped down cutoff scale. Diagrams are simple 
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to calculate in these scaled down theories where the propagator has a simple flat space form. 
To work in the low energy theory we must compute the effective UV brane couplings at low 
scales. However, near the attractive fixed point, RG flows for these couplings are simple. 
In this paper we have performed the effective theory calculation of the 1-loop correction to 
the two point function in a scalar theory with a bulk quartic interaction at three RG scales 
showing that they match. 

Finally, it will be interesting and relevant to develop along the lines presented here, the 
RG formalism appropriate for higher spin fields propagating in the RS background. We 
expect the RG will have similar features to the scalar scaling only of UV brane 

coefficients and a running of the radius. This program was begun at tree level for integer 
spin fields in Extending this approach to the loop level will allow for its application to 
gauge coupling unification. An understanding of the RG in the presence of dynamical gravity 
would allow for a complete EFT loop level examination of the Goldberger-Wise stabilization 
[TT] of the RSI hierarchy. 
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